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‘Derivation of Regression Expressions and Extrapolation

of 6~ and 9-Hour Ozone Data
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All ozome profiles were fitted to an expansion in orthonormal functions

(03) = Apg X Gy +A; XG; +A, X Gy, . (ppm) )
X = 0.1 (¢t ~D), t = time in hours, D = duration
of induction period hours.
GO = ’/g
G, = V5 (4X - 3) - )
G, = /7 (15%2 - 20X + 6)

The coefficients were related to initial NOg and HC (nonCH,)

Ap = 0.00312 + 0.084961 "N 4 1.081499 VC /F - 1.402871 ¥ N (ppm) 3)

/c
where sufficient figures are given to avoid round-off errors when estimating

Ap to four and ozonme to 3 significant figures.

' 2
Ay _ N _ N2 N N2
Aq 0.18801 + 0.06463 c2 1.7614 c3 + 0.56241 C + 3.69018 cz )

e e . Al .
(A large number of significant figures are necessary since -Kl S 0.1 and the
0

result requires precision in estimating differences between larger numbers.)

Az

— 0.07730 + 0.180660 & - 1.07172 X _ 127478 N 4 3.7376 o (5)
Ag ) ’ c2 : c3 ‘ C . c2

These expressions, equations 3-5, in combination with equations 1 and 2 allow

prediction of ozone levels out to ten hours after delay. Figure 44 shows the
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coverage of the NOx-HC plane by experiment.. It is apparent that predictions
at hydrocarbon-to-NOx ratios of 2 or less are extrapolations from the data
and are therefore quite likely to be wrong. For greater ratios the coverage
is fairly dense from (HC) = 0.3 to (HC) = 2.5 ppmC and from (NOx) = 0.010 to
(NOx) Z 0.50 ppm. Any predictions outside this region should be regarded

as uncertain extrapolations., On the time axis all experiments used to gener-
ate the regressions were run at least six hours but only a minority were run
to nine or more hours. Consequently, predictions past six hours are quasi-

extrapolations and must be regarded as probably less precise,

At low carbon levels, along constant ratio lines, equations 4 and 5 obviously
become unbelievable because the parameters, Aj, A,, approach infinity.

A fairly successful attempt to remove these infinities was made by ad hoc
reasoning. Note that the terms in equations 4 and 5 which cause the approach
to infinity have relatively smaller coefficients. This circumstance suggests

that A; and A, are more accurately represented by

2
AL L _ _N_ Nt
Ay 0.18801 + 0.56241 T 3.69018 =537 (6)
82 - 0.07730 - 1.27478 N+ 3.71376 e (7)
Ag . . C + 83 y (C ¥ 6,)2
which implies
0.06463 = =0.56241 &, §; = =0.115 ppmC
~1.7614 = -3.69018 (28,) 8, = +0.239 ppmC
0.180660 = -1.27478 (-83) 83 = +0.142 ppmC
-1.07072 =

3.71376 (-58y,) §, = +0.144 ppmC

Since the smallest coefficient probably has a large confidence interval this

outcome justifies the hypothesis that all §'s are equal.
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This same reasoning can be applied to equation 3 to give

6 .
0.084961 = 1.081499 <7f §s = 0.157 ppmC
Unfortunately, no term of the form
/c

was included in the regression expression, equation 3, when calculating the

coefficients. If this were done a sixth estimate of § would be possible

3¢
2

-4

ag ay

The logic of the hypothesis would require as ¢ -0.07. At the present, accepting
the hypothesis of equalld's requires that we take 0.113 ppmC as our current

best estimate of its value, Under this hypothesis the equations become

Ag = 0.00312 + 1.081499 ¥N /C + 0.113 - 1.402871 N /C + 0.113 (8)
A N __ N2
™ 0.18801 + 0.56241 =375 * 3-69018 [+ 0.113)2 (9
Az _ _ ___11___; N2
™ 0.07730 - 1.27478 cro0.13 t 37136 eroaiEe (10)

These forms, equations 8-10, were applied qnly to low carbon cases, e.g., C = 0.25
or C = .0 because the value of § needs to be more accurately calculated by a
least square fit to the data using regression expressions of the forms of
equations 8-~10 with § 6ne of the parameters to be determined. This is not a
simple calculation because the least squares fitting then Becomes a non-linear

problem, unless one is satisfied with approximations.
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Figures 45 through 53 illustrate ozome profiles predicted from these equatiomns.

The delay times were correlated by

0.413 + 2.639 L - 2240 4 5 313
/c /C /c

o
it

(hours) (11

where P = initial mole fraction NO, in NO, (NO, = N, (NMHC) = C). -This applies
strictly only to my defined delay time which was cbtained by a linear extrapo-
lation, backward in time, of the initial portion of the ozone profiles to

find an intercept on the time axis. Figure 54 shows how closely tﬁis expression
predicts delay. Six eiperiments fall seriously off the regression line,
Considerable variability can be expected for delays because they are a measure
of what classical kineticists called the induction period and are strongly
dependent on initial concentrations of chain initiators, some of which will

be unavoidably inadvertent.

Some explanation of how the form of equation 11 was arrived at for a regression
expression is necessary to indicate that this was not a wholly arbitrary

procedure. First, it was postulated that

d (NO)

rrandinli (N0) ' 12)

at the time when ozome first starts upward along its profile. The important
assumption here is that a varies sufficiently slowly with time to be regarded
as a constant during the initial portion of the ozone profile. Next, the

Leighton relationship was assumed to hold

d(03) _ .4 | o) | _ _-BN d(NO) 3
dt dt (NO) (NO)2 dt
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Substituting (12) into (13) yields

(NO)
When ozone levels are appreciably above the detection limit of the anaiyzer

(NO2)

(N0) >> 1 so

d(03) a(03) or (03) = ae®t

dt
during this time period. A brief investigation of o defined as d 1n(03)/dt
for several experiments suggested that o is independent of (NOx) and varies

slowly enocugh with (NMHC) to be well represented by a = ao/E giving

(03) = RO (14)

(NO) pe~07C € (15)

The concentrations A and B remain to be determined. They are not equal to
the zero time values because the rate constant ao/E-applies only to a period
when steady-state radical concentrations have been established. The unsuppofted

assumption was made that there exists a relaxation time for buildup to

steady~state, 1/K hours, which is sufficiently well-defined to write

d{03) . - _~Kr) | (NO2)
s = B ao/E.<l e ) [ (N0 + ?j (16)
Q—%Nt‘l)— = —ay/C (1 - e’Kt) (N0) 7)

and it was assumed that Q(N)/dt was small duriﬁg thé initial period equation 17

has a solution
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No) = (NO)O exp - (10)/6 [t - % (1 - e_Kt)] (18)

giving
0.0\/6 -Kt
B = (NO); exp z 1 ~-e
(101/(—:- '
B = N(1 - P) exp - 19
assuming e_Kt << 1 at the time ozone starts building up. The solution (18)

allows a2 solution of differential equation 16, written

é%%?l + aO/E (1 - e‘Kt>(O3) = 8&0/6 (l'— e*Kt>

with its solutiom, which can be written in the form

+a0/6-[t —-% (l - e—Kﬁi] ao/E-[t --% (; - e—Kt)
(03) = {(03) e + SaO/E-e X

t ——
--0L0/C [S -
e

¢

il

S .

Initial ozone (03)g can be approximated by BNP/(1~P), assuming the Leighton

relationship. The second turn can be evaluated to give

P 01.01/6 [ - ‘I]é (l - e—Kt)] U.Ol/c_: [ -%‘ (l - e_Kt)]
(03) = BN 1P e + Rje -1

s . -Kt .
again assuming e << 1 gives

&
(=4
)

A = B[N—-—+l]e K (20)
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We may now write

A e'i'd.o/-é t

where ¢ = an arbitrary ozone concentration called appreciable ozone.

~

Operatioﬁally, in calculating delays o 2 0.05 ppm ozone. Since the slope at
this point is

%% = Aao/a eao/a t1

- The extrapolation procedure for calculating delays amounts to saying

D = t; - é% = t; - 1
‘ E'E‘ GO/-C-
t=t, :
and
t, = 1 In %
ag/C
giving
0.0/6 ‘
K
1nl—2 ; 1
B(N = l)
D = - . ' (21)
' Gol/c_

Rearranging equation 21

’ : lng - Inf - In\l + = N -1

K 1-p
aQ/E
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P . . .
Since EZE'N << 1 in all cases this can be rewritten

1 P |
no ln(e)' 1 ip) N (23)

D = %
(10'/6 0.0\/6

which looks straightforward until one remembers that 1/K is the assumed

relaxation time and is a function of initial concentrations also. However,

N

the inspiration for c powers in equation 11 is clear.

1-
The logo(‘PP)

term comes from an earlier and erroneous version of (23). This
regression should be.repeated using equation 22 and various reasonable forms
for 1/K until the minimum variance is obtained. However, the expression 11)

does a Teasonable job (see Figure 54).

In fact, all of the expressions used to represent the data could be tinkered
with in an attempt to attain perfectiom. It's a question of how far to go

profitably.

Precision

Expression (1) fitted the data to‘i0.00S ppm in most cases when using the A's
determined from the data. Consequently, most errors will arise in representing
the A's by equations 3-5. Equation 3 gave a standard deviation of 0.0544 ppm
when comparing predicted with actual Ag's. Since there were about 100 experi-
ments in the package, simple statistics imply that predicted Ag's are within
+0.01 ppm of the "true" mean. The ratio of A; to Aj has a similar standard
deviation of 0.126 implying *0.0l1 in estimating this fraction in the mean. For
A,/Ap the corresponding figures are +0.058 and %0.006. No caleulations were

made about precision in estimating delay times.
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